Universidade Federal de Uberlandia
Engenharia Eletronica e de Telecomunicacoes

- Processamento digital de sinais —
Capitulo 6 — Transformada z

Prof. Alan Petronio Pinheiro




A transformada z

O que € uma transformada ?

Dominio z (plano z complexo)

— caracterizacao, estabilidade

Definicdo:  y(,)= ix(n)z_”

Nn=—oo

Transformada inversa
x(n) e X(2)



e
* Regiao de convergéncia (ROC ou RDC)

— Valores de z para os quais X(z) tem valor finito

 Exemplo: calcule a transformada z dos sinais
x,(n) = {%, 2,3,7,0,1}

x,(n)=A{1,2, %, 7,0,1}
x;(n) =0(n)
x,(n)=0(n—k)

X, (1) = @ u(n)

_



e Considere zcomo: 7z = re’?

e X(z)

z=rel® Zx(n)r_n o

n=—oo0

e ‘X(Z)‘= i‘x(n)r‘”

n=—o0




Signal ROC
Finite-Duration Signals

Causal

Entire z-plane

exceptz=10
Anticausal //

Entire z-plane

except z = o=
Two-sided

7
Entire z-plane
exceptz=0
0 # ////

and 7 = oo
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O
* Propriedades da transformada z

P.1) Linearidade

x(n)=a,x,(n)+a,x,(n) < X(z2)=a,X,(2)+a,X,(z)

Exemplo: determine a transformada z do sinal
x(n) =[3(2") —4(3")]u(n)




-]
P.2) Deslocamento no tempo
x(n) < X(2)

x(n—k) e 77X (2)

P.3) Escala no dominio z
x(n) < X(2) ROC :r<lzkr

a"x(n) - X(a'7) ROC:lalr <l zKlalr,



I
P.4) Diferenciacao no dominio z

x(n) < X(2)
dX (z)
dz

nx(n) < —z

P.5) Convolucao de duas sequéncias
x,(n) < X,(2)
x,(n) > X,(z)

x(n) = x,(n)* x,(n) <> X(z) = X,(2) X,(2)

x(n)=Z"{X(2)}




Initial value
theorem

Multiplication

Parseval’s relation Z x{n)x;(n) = 2% ﬁ X1(U]X§(1,ﬂ'v*}v'ldv

x1 (1) * xo(=1)

If x(n) causal

x1(n)xa(n)

oo

fi=—0

x(0) = lim X (2)

%éxl(u)}fg (2)v'dv

' W Time Domain  z-Domain ROC
~ Notation x{n) X(z) ROC:r; < |zl <1y
x1(m) X1(z2) ROC,
xa(n) X2(2) ROC,
Linearity aix(n) + a1 X1(z) + az X2(z) At least the intersection of
: ayxp () ROC; and ROC;
Time shifting x(n —k) 77X (2) That of X(z), except z =0if
k=0andz=00ifk <0
Scaling in the ax(n) X(a 'z) lalra < |z| < la|r
z-domain
Time reversal x(—n) X(z™h % < |z] < %
Conjugation x*(n) X*(z%) ROC
Real part Re{x(n)} X (@) + X7 (2] Includes ROC
Imaginary part Im{x(n)} %.f [X(z) — X*(z")] Includes ROC
Differentiationin  nx(n) —z@ o<zl <n
the z-domain =
Convolution x1(n) % x2(n) Xi(z2)Xa(z2) At least, the intersection of
ROC; and ROC,
Correlation SO Ry (@) = X1(2)X2(z7h) At least, the intersection of

ROC of X;(z) and X2(z 1)

Atleast, ruyry < 12| < Pl

_



Signal, x(n)

z-Transform, X (z)

ROC

5 ()

u(n)

a’u(n)

naun)

—a"u(—n — 1)

—na"u(—n — 1)

(cos wondu(n)

(sin ewyn)u(n)

(a® cosapn)u(n)

(a@” sin wyn)u(n)

az”
(1 —az™1)?

1
1 —gz]

1

-
(1 —az™1)?

1—2z""coswy
1 -2z cosmg 4 272

77! SIN cuy

1 -2z cosawy + 72

1 —qz! COS ¢y

1 -2az""cosewy + a’z 2

az lsin

1—2gz771 cos wy + a‘z 2

L@)_

All z

izl =1

|zl = |a]

lz] = |a|

2] < lal

lz| < |a|

[z] = 1

lz] = 1

Iz|] = |a|

1z| = |a|
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* Polos e zeros

Im(z}

X (2)

_B(z) _b,+bz ' +..b,z7"
A(z) a,taz +..a,z"

_ B(z) b, L MHN (2—z)(2—2,)...(2—2y)

A(Z) a, (Z—pl)(Z—Pz)...(Z—pN)
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e Comportamento dos sinais




Anadlise de filtros IIR por Z
 Modelo:

Wn)
-

T {

Delay

y(n-1)

a(1) |Delay

y(n-2)

a(2) |Delay : b(2) a(2)

B -
Q?_J y(n-3) & -
| |
a(3) =Ny '? ?‘ yin-M)
| J

: b(N) alm)
Feedtorward calculations Feedback calculations

(6-2)
y(n) = b(0)x(n) + b(1)x(n —1) + b(2)x(n — 2) + b(3)x(n - 3) Y(2) = b(0)X(2) + B(1)X(2)z ! + B(2)X(2)z2 + . . . + B((N)X(2)z N

DY)z +a)Y(Z)z2+...+a(M)Y(z)zM
+a(1)y("—1)+ﬂ(2)y(ll—2)+a(3)y(n—3). + a( )Y( )z +a(2) ( + +a(M)Y( )
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* Eq. Geral:

® Exe m p I O 1 © y(n) =0.0605x(n) + 0.121-x(n-1) + 0.0605-x(n-2)
+ 1.194-y(n-1) — 0.436+(n-2).

e |H{e)| for the IR filter

|He p(w)| for a
5-tap FIR filter

-x -2 0 1:/4 /2 g @ Ty -‘-‘31"1';
(-1/2) (- f/4) Freq (£/8) (f/4) (1/2) Unit ", P =0.597 + 0.282
circle ,/\
{ x
) 1]
_é 0 ‘ HE—
O(w) for the IR filter 4 Degrece Opp(w) fora 2\ x ." Zrea
—_— +180 5-tap FIR filter Two z1ero]st.) at )\-
+ Z=-1+
; (1/4) \ | 7 p,=0597-p.282
®) | 1§ /2
~ - 0 < :\* B
—:T\\: -n/2 T T S
(-1/2) (- 1/4) -90+ \5 (/)
-180- ——
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... Fatorando: _(z-z)z-7) _ (z+1)z+1)

H(z)

(z-p,Xz—-p,) (z-0597 +j0.282)z - 0.597 — j0.282)




